Ntermationa

assessment matters

INTERNATIONAL SECONDARY CERTIFICATE EXAMINATION
NOVEMBER 2022

FURTHER STUDIES MATHEMATICS (STANDARD): PAPER |
MARKING GUIDELINES

Time: 2 hours 200 marks

These marking guidelines are prepared for use by examiners and sub-examiners,
all of whom are required to attend a standardisation meeting to ensure that the
guidelines are consistently interpreted and applied in the marking of candidates'
scripts.

The IEB will not enter into any discussions or correspondence about any marking
guidelines. It is acknowledged that there may be different views about some
matters of emphasis or detail in the guidelines. It is also recognised that, without
the benefit of attendance at a standardisation meeting, there may be different
interpretations of the application of the marking guidelines.
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QUESTION 1
1.1 (a) In(x—-2)=1 or In(x —2)=-1v"m—2 cases
va.x-2=e or x-2=e'va
X=e+2 or x=e'vca+2vca
s X=472vca or x=2737Yca (6)
(b) ..e*(e—1)va=12vm-—factoring
eX:£/
e-1
12
X=In——=1.94vm-use of Inv'ca (5)
e-1
) ..-2|2x+4/>-16va
.'.|2x+4|£8\/\/a
L —8<2x+4<8vmva
n=12<2x<4vca
.—6<x<2vca (7)
_ . _ - _ ._ 2. .2/
12 15 5§uxa 2! /m:15a 30|2 5§;+10a| a:—1—7i
a+2i a-2i a‘—4i-va
- 25a +_30 Sa’ i=-1-7ivm
a’+4 a’ +4\/a
25a -1
a +4

ba=-a’-4va

na’+5a+4=0vm

~(a+1)(a+4)=0

~a=-1lor a=-4va

but, a check reveals that a = —1is the only option
which generates the correct imaginary part
a=-1va

ALTERNATE SOLUTION 1
~.15-5ai =(-1-7i)(a+2i) vm

-.15-5ai =-a—7ai - 2i -14i* va
~.15-5ai =13 (7a+2)ivmva

-.5a =7a+ 2 v'/m-equating coefficients
..—2a=2v'm-solving for a
a=-1vava
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ALTERNATE SOLUTION 2
~.15-5ai =(-1-7i)(a+2i)vmva

15=-a-14i’ vavavm-real
a=-1vavava (8)

1.3 (a) if 2+iisaroot thensois 2—i
sum of roots is 4 and product of rootsis 5 vm — v'/m —sum and product

~f(x)= (x2 —4x +5) is a factor va
.-.f(x):(x2—4x+5)(x2+x—20) v'm—other factor va
- f(x)=(x*-4x+5)(x+5)(x—4)vca (7)

(b) (x2 —4x+5)(x+5)(x—4) =0
S X=2+ivaor2-i vYcaor-5o0r4vca (3)
[36]

QUESTION 2

21 (a) c=-1vava
e—1=¢%*P —1v'm- substitution va

e=e*?vca
p=-2vca (6)
) O
y=1 va
‘nnnnnnr:...-
y = -1

\ 4 (4)
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(i) X
va
va
(3;,e-1)
< \/a % > X
G =s=TmmT SRR SR P S S S »>
y = -1
\ (4)
2.2 y
g
6 4
8
(6)
[20]
QUESTION 3
3.1 ax —8 =0 when x = 2 vm—-denominator
La=4va
now 2x2 +bx—10:(4x—8)(%x \/m+4/a)+R
L2%x%+bx—-10=2x*+12x-32+R va
~b=12vca (6)
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3.2

e A y-intercept of 3
e X-intercepts of —2 and 3
e Two vertical asymptotes, one of which mustbe x =1
e A horizontal asymptote of y =-2v'v'a — y-intercept of 3
v'v'aa — x-intercepts
y = —2x+2)(x=3) v'vaa — vertical asymptotes
(Xx=-D(x+4)
v'a — numerator and denominator of = degree
v'a — horizontal asymptote of -2 (8)
(2x+3)va(3x-13)-3(x*+3x-10) va _
33 g'(x)= > =0 v'/m - quotient rule
(3x-13)" va
-.3x* —26x -9 =0 v'm-equating to zero
- (3x+1)(x-9)=0
.'.x=—l or 9vca
3
(—% ; 0,78] vca and (9;7)vca (8)
[22]
QUESTION 4
41 (@) p=2vava (2)

(b) we need f to be continuous at x = -2 v'/m— continuity
now lim f(x)=1va

x—-2*
- lim f(x)=1v'm—-equating left and right-hand limits
X—>-2"
—2m+c=1va

also, lim f'(x)= lim (-2x) =4 v'm-equating left and right-hand derivatives

x—-2" x—-2"

~ lim f'(x)=4va

X—>-2"
m=4vca
~.c=9vca (8)

42 (a) x*+10y®+14x+16y =2 v'm—implicit differentiation

52X+ 20y \/ad—y+14+16d—y va=0
dx dx

; j—y(ZOy +16) = —2x —14 v'm —factoring va
X

Ldy  -2x-14 ) o (6)
dx 20y +16
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d -2x-14
(b) ay _—ex-14
dx 20y +16
dy _ 105 v'/m —gradient
dx| ,, 36 18
: 18
.. gradient of normal = 3 v'ca
18 . .
Ly -1= E(X +2) v'm—equation of line v'ca
Ly = %x +4€l (this line need not be shown) 4)
[20]
QUESTION 5
51 (a) f(x)=x>-2x+2=0vm-equating to zero
~f'(X)=3x*-2vm-va
X3 —2X +2
X =X vVa-—"——" —v'm-formula 6
n+1 n 3Xn2 _ 2 ‘/a ( )
(b)  The tangent at x —1lintersects the x-axis at 0 and the tangent at x =0
intersects the x-axis at 1 so the answers cycle rather than
converging. va va
Note that we will accept any comment suggesting 'cycling'/looping. (4)
(c) x =-176929 vava 2)
2 2 n2 vav
52 (a) cosp-> 4 =67 1l vava
2(3)(4) 24 v'm — cos rule
-.0=2,047 vca 4)
(b) shaded area = area of sector —area of triangle v'm — subtraction
52(2.047)va v'm — sector
= % —~ %(3)(4) v'asin2,047 v'm — triangle
=20,25m* v'ca
20,26 if you use the rounded 2,047 (6)
[22]

IEB Copyright © 2022 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS: PAPER | - Page 7 of 12
MARKING GUIDELINES

QUESTION 6

n

> (3i-1)(3i+2)=3n°+6n*+nvm-proving forn-1va  v'm-assumption

i=1

if n =1then LHS =10 and RHS =10 va

so it is true for n =1v'm—considering n =k +1v'a

Assume true for n =k viz.va

(2)(5)+(5)(8)+(8)(11)+...+(38k —1)(3k +2) = k* + 6k* + k (*) Va

now if n =k +1then:

(2)(5)+(5)(8)+(8)(11)+...+(3k —1)(3k +2) +(3k +2)(3k +5) =3k® + 6k* + k + (3k + 2)(3k +5)

=3k® + 6k? + k + 9k* + 21k +10 v'/m — attempting to write in correct form

‘/a 3 2
=3k’ +9k“+9k +3+6k+12k+6+k+1vava

but this is just (*) with k +1for k
so, itistrue forn=k+1
.. by the principle of mathematical induction it is true for n e N
[12]

IEB Copyright © 2022 PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS: PAPER | - Page 8 of 12
MARKING GUIDELINES

QUESTION 7

7.1 v'a 10200 = 10000e*

ok _ 10200 va
10000
102 .
. k=In=—=0.0198 vm-using In v'ca 4)
100
72  y=y.e“
- Y _ e vm—division
Yo
~kt=In2vm-In
Yo
y

In---
St= % v'm — division

In10

= =116,29 va
0,0198
.t =117 months va (6)
[10]
QUESTION 8

shaded area = I:f (x)dx — fg (x)dx v'm —subtraction

AL ) kk-kdxva

2 3 4

21 14 4 4

..?:?—(Lf(x)dx—flkx+kdx)\/a
2 4

.'.2—1:E—E+ ki+kx va v'm-integration

2 3 3 |2 )

21 =12k —(5 +1j v'm — evaluation

2 2

n21=24k -k -2Vva

23 =23k

~k=1vca
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ALTERNATE METHOD

21 4

/a?_ f(x)-g(x) dx vm - subtraction
Jl
21 4 .
5= f(x)=f(x)+ kx+k dx v"'m-substitution
J1l
® 4
21 kx +k dx va
2 Jil

2 4
21 kL+kx v'm —integration v'a
2 2 N
2—1=8k+4k—g—k\/a

21=16k + 8k —k — 2k
k=1va

QUESTION 9

9.1 I—coseczé’ cot #d 8 v'm —identifying derivative
= _[cosec@(—cosec@coté’)d& va
2
_ cosecd +cvavava

3X
J2x+5va

:BIX(2x2+5);dx va

9.2 f dx v'm —taking 3 out

1
23,(2;-(2—+5)2+C va
5X4

3(2x2+5)3
:#+c vava

IEB Copyright © 2022

Page 9 of 12

(8]

(5)

PLEASE TURN OVER



INTERNATIONAL SECONDARY CERTIFICATE: FURTHER STUDIES MATHEMATICS: PAPER | - Page 10 of 12
MARKING GUIDELINES

ALTERNATE

= 3_[x (2x2 + 5)_; dx v'm — substitution

let u =2x* +5va then O|—u\/m:4xso dx = du va
dx 4xdx
3¢ - . .
= Zju du v'/m —integrating a power
1
3| u?
= —| — /
2| T +cva
2
1
2
= +cv'ca
1
3(2x*+5)?
=————~ +¢C (7)
2
2
9.3 w v'm —division by inspection v'a
X°—X—-6
2(x*—x—-6)+5x+20
= va
X*-X-6
2(x*-x-6
2 )+ 5x+20
X*-x-6 x*-a-6
=2+ _ 5x+20 v'm — partial fractions v'a
(x-3)(x+2)
nOW 5x +20 _ A N B vava
(x=3)(x+2) x-3 x+2
A =7 and B = -2 both by cover-up method
2
.'.dex/ca:j2+ ! —idx\/ca
X°—X-6 X-3 X-2
=2x+7In|x+2/-2In| x+ 2| +c (10)

[22]
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QUESTION 10

10.1 y

v'concave up
v"'downhill

v'turning point

vidownhill
v'concave down

v'kink'
<ttt X
—5—4—3—2—_11 1. 2 3 4 5
24
_3 4
4 4+
Y ®)

10.2 g'(x)=cosxtanx+sinxsec’x =0 vm—derivative ~ v'm—derivative =0
va..sinx+sinxsec’x=0va
~.sinx(1+sec? x) =0 vm—factoring
s.sinx=0va
X=1
(7r;0) va (8)
[16]

QUESTION 11

111 PQR =90° (4 ub semi-circle) v'm —trig ratio
5. C0S6 = PQ, a
4
. PQ=4coséd
distance

time=—————v'atime to row = ﬂcosé?
speed 3

Note: PQ can also be established using L v'a bisector of chord
QOR =20 (Z at centre)

~QR=r0=40
. 40
so, time to walk = = va vY'm-arclength formula va
total time t =gcosé?+ﬁ va (8)
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11.2 t zgcose+%9 v'm derivative vim =0
E:—isin¢9+£:0
do 3 5

—ﬂsine = 4 v'ca
3 5
siné?:§ v'ca
5

0= arcsin(gj =0,644 (4)
[12]

Total: 200 marks
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