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MEMORANDUM: PRELIM 2020 CORE 

QUESTION 1 

1.1 (a) |𝑥2 − 7| = 2𝑥 + 1 

      𝑥2 − 7 = 2𝑥 + 1✓                       or             𝑥2 − 7 = −2𝑥 − 1✓ 

      𝑥2 − 2𝑥 − 8 = 0 ✓                                       𝑥2 + 2𝑥 − 6 = 0✓ 

      (𝑥 − 4)(𝑥 + 2) = 0                                     𝑥 =
−2±√4−4(−6)

2
✓                                

      𝑥 = 4 ✓ 𝑜𝑟  𝑥 = −2 𝑛/𝑎✓                                𝑥 = −1 + √7✓    (8) 

(b) 𝑒𝑥 − 6𝑒−𝑥 − 5 = 0 

     Let 𝑒𝑥 = 𝑘✓ 

     𝑘 −
6

𝑘
− 5 = 0✓ 

     𝑘2 − 5𝑘 − 6 = 0✓ 

     (𝑘 − 6)(𝑘 + 1) = 0✓ 

     𝑒𝑥 = 6✓ 

     𝑥 = ln 6✓     (6) 

1.2 (a) 𝑦 = 𝑒𝑥+3 − 2                                  (b)  

     𝑥 = 𝑒𝑦+3 − 2✓ 

     𝑥 + 2 = 𝑒𝑦+3
✓ 

     𝑦 + 3 = ln(𝑥 + 2)✓ 

     𝑓−1(𝑥) = ln(𝑥 + 2) − 3✓✓ 

     Domain: 𝑥 ∈ (−2; ∞)✓ 

     Range: 𝑦 ∈ 𝑅✓     (7)                                                                                     (6) 

1.3 𝑥 = 2 − 𝑖✓ 

𝑥2 − (2 + 𝑖 + 2 − 𝑖)𝑥 + (2 + 𝑖)(2 − 𝑖) is factor✓ 

𝑥3 + 𝑝𝑥 + 𝑞 = (𝑥2 − 4𝑥 + 5)(𝑥 + 4✓) 

                   = 𝑥3 − 11𝑥 + 20✓    ∴ 𝑝 = −11✓ 𝑞 = 20✓   (6)                            [33] 

-2,3✓ 

18,1✓✓ 

✓✓ 

shape✓ 
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QUESTION 2 

ln 𝑥 + 2 ln 𝑥 + 3 ln 𝑥 + ⋯ + 𝑛 ln 𝑥 =
𝑛

2
ln 𝑥𝑛+1

✓ 

     Let 𝑛 = 1 

    LHS = ln 𝑥     RHS = 
1

2
ln 𝑥1+1 = ln 𝑥✓ 

    Formula true for 𝑛 = 1✓ 

   Assume formula true for 𝑛 = 𝑘✓ 

    ln 𝑥 + 2 ln 𝑥 + 3 ln 𝑥 + ⋯ + 𝑘 ln 𝑥 =
𝑘

2
ln 𝑥𝑘+1

✓ 

  Prove true for 𝑛 = 𝑘 + 1.   Proposed formula: 
𝑘+1

2
ln 𝑥𝑘+2

✓ =
(𝑘+1)(𝑘+2)

2
ln 𝑥✓ 

    ln 𝑥 + 2 ln 𝑥 + 3 ln 𝑥 + ⋯ + 𝑘 ln 𝑥 + (𝑘 + 1) ln 𝑥✓ =
𝑘

2
ln 𝑥𝑘+1 + (𝑘 + 1) ln 𝑥✓ 

                                                                          =
𝑘(𝑘+1)

2
ln 𝑥 + (𝑘 + 1) ln 𝑥✓ 

                                                                         = (
𝑘(𝑘+1)

2
+ 𝑘 + 1) ln 𝑥 

                                                                        =
𝑘2+𝑘+2𝑘+2

2
ln 𝑥✓ 

                                                                        =
𝑘2+3𝑘+2

2
ln 𝑥 

                                                                        =
(𝑘+1)(𝑘+2)

2
ln 𝑥✓ 

This is the proposed formula so by M.I we have proven the formula true for all 𝑛 ∈ 𝑁 

[13] 

QUESTION 3 

3.1 𝑔(−5) = −|−5 + 2| + 1 = −2    (−5; −2)✓ 

      𝑔(0) = −|0 + 2| + 1 = −1    (0; −1)✓ 

     Subst. (−5; −2) 

      −2 = |−5 + 𝑝| + 𝑞✓ ∴ −2 = 5 − 𝑝 + 𝑞   𝐿𝐻 𝑎𝑟𝑚 

                                        −7 = −𝑝 + 𝑞✓ 

✓ 
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    Subst. (0; −1) 

     −1 = |0 + 𝑝| + 𝑞 ✓ ∴ −1 = 𝑝 + 𝑞 ✓   𝑅𝐻 𝑎𝑟𝑚 

     𝑝 = 3✓; 𝑞 = −4✓     (8) 

3.2 |𝑥 + 2| + |𝑥 + 3| ≤ 5 

      |𝑥 + 3| − 4 ≤ −|𝑥 + 2| + 1✓✓ 

     Points of intersection: 

     𝑥 = −5; 0✓✓ 

    𝑥 ∈ [−5; 0]✓✓   (6) 

QUESTION 4 

𝐴𝑟𝑒𝑎 𝑠𝑒𝑐𝑡𝑜𝑟 𝑂𝐴𝐵 =
1

2
× 122 ×

2𝜋

3
= 48𝜋✓✓ 

𝐴𝑟𝑒𝑎 𝑠𝑖𝑙𝑡 =
1

2
× 122 ×

𝜋

3
−

1

2
× 122 × sin

𝜋

3
= 13,04439 …✓✓ 

𝐴𝑟𝑒𝑎 ∆𝐴𝑂𝐵 =
1

2
× 122 × sin

2𝜋

3
= 36√3✓✓ 

𝐴𝑟𝑒𝑎 𝑤𝑎𝑡𝑒𝑟 = 48𝜋 − 36√3 − 13,04439 = 24𝜋✓✓ 

𝑉𝑜𝑙𝑢𝑚𝑒 = 24𝜋 × 200✓ = 4800𝜋 𝑚𝑙 ≈ 15 𝑙𝑖𝑡𝑟𝑒𝑠✓     [10] 

QUESTION 5 

5.1                          

       (8) 

 

●✓ 

○    (−1; 2,1)✓ 
( 

● (1; 9,2)✓ 

✓ ✓ 

✓ 

✓ 

✓ 
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5.2 Discontinuous at 𝑥 = −1✓       

      lim
𝑥→−1−

𝑓(𝑥) = 1✓✓ 

       lim
𝑥→−1+

𝑓(𝑥) = 2,1✓✓ 

       Jump discontinuity.✓    (6) 

5.3 lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) = 9,1 ✓✓  Therefore 𝑓 is continuous at 𝑥 = 1 

      lim
𝑥→1−

𝑓′(𝑥) = 3𝑒✓✓ 

      lim
𝑥→1+

𝑓′(𝑥) = 0✓ 

      𝑓  is not differentiable at 𝑥 = 1✓      (6)     [20] 

 

QUESTION 6 

6.1                                                  𝑓(𝑥) =
1

√2−𝑥
 

𝑓′(𝑥) = lim
ℎ→0

1

√2−(𝑥+ℎ)
−

1

√2−𝑥

ℎ
✓ 

        = lim
ℎ→0

√2−𝑥−√2−𝑥−ℎ

ℎ√2−𝑥−ℎ.√2−𝑥
✓✓×

√2−𝑥+√2−𝑥−ℎ

√2−𝑥+√2−𝑥−ℎ
✓ 

        = lim
ℎ→0

2−𝑥−2+𝑥+ℎ

ℎ√2−𝑥−ℎ.√2−𝑥(√2−𝑥+√2−𝑥−ℎ)
✓✓ 

        = lim
ℎ→0

1

√2−𝑥−ℎ.√2−𝑥(√2−𝑥+√2−𝑥−ℎ)
✓✓ 

       =
1

2√2−𝑥(2−𝑥)
✓✓      (10) 

6.2 (a) 𝑓(𝑥) = sin(tan(2𝑥)) 

            𝑓′(𝑥) = cos(tan(2𝑥))✓✓× 𝑠𝑒𝑐2(2𝑥)✓✓× 2✓ 

           𝑔(𝑥) = 𝑥
2

3(𝑥 + √𝑥
4

) = 𝑥
5

3 + 𝑥
11

12✓ 

           𝑔′(𝑥) =
5

3
𝑥

2

3✓+
11

12
𝑥−

1

12✓ 

           ℎ(𝑥) =
2𝑥

cos 𝑥
 

           ℎ′(𝑥) =
2 cos 𝑥✓+2𝑥 sin 𝑥✓✓

(cos 𝑥)2✓
 

     (b) 𝑓′(𝜋) = cos(tan(2𝜋)) × 𝑠𝑒𝑐2(2𝜋) × 2 = 2✓ 
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          𝑔′(1) =
5

3
(1)

2

3 +
11

12
(1)−

1

12 = 2
7

12
✓ 

          ℎ′(𝜋) =
2 cos 𝜋+2𝑥 sin 𝜋

(cos 𝜋)2 = −2✓ 

         𝑔′(1) > 𝑓′(𝜋) > ℎ′(𝜋)✓     (4) 

6.3 (a) 𝑓(𝑥) = 6 ln 𝑥 − (−𝑥2 + 8𝑥 − 3) = 0 

           𝑓(5) = 6 ln 5 + 52 − 8(5) + 3 = −2,3 …✓ 

          𝑓(6) = 6 ln 6 + 62 − 8(6) + 3 = 1,7 …✓ 

          Function is continuous in interval and therefore a point of intersection in        

          interval✓✓                        (4) 

     (b) 𝑓′(𝑥) =
6

𝑥
+ 2𝑥 − 8✓✓ 

          𝑎𝑛+1 = 𝑎𝑛 −
6ln 𝑎𝑛+𝑎𝑛

2−8𝑎𝑛+3
6

𝑎𝑛
+2𝑎𝑛−8

 ✓✓        

          𝑎1 = 5,5  

             𝑎2 = 5,9833588       ✓✓ 

            𝑎3 = 5,6477908 … 

         𝑥 ≈ 5,6240846✓    (7)                                          [37] 

QUESTION 7 

7.1 𝑓(𝑥) =
𝑥3+𝑎𝑥2+𝑏𝑥+𝑐

𝑥2−1
 

      𝑥 = 1✓ ; 𝑥 = −1✓     (2) 

7.2 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = (𝑥2 − 1)(𝑥 + 2)✓ + 2𝑥 + 1✓ 

                                   = 𝑥3 + 2𝑥2 − 𝑥 − 2 + 2𝑥 + 1✓ 

                                   = 𝑥3 + 2𝑥2 + 𝑥 − 1✓ 

      𝑎 = 2✓; 𝑏 = 1✓; 𝑐 = −1✓       (7) 

7.3 𝑓(𝑥) =
𝑥3+2𝑥2+𝑥−1

𝑥2−1
 

      𝑓′(𝑥) =
(3𝑥2+4𝑥+1)✓(𝑥2−1)✓−2𝑥✓(𝑥3+2𝑥2+𝑥−1)✓

(𝑥2−1)2
= 0✓ 

     3𝑥4 + 4𝑥3 + 𝑥2 − 3𝑥2 − 4𝑥 − 1 − 2𝑥4 − 4𝑥3 − 2𝑥2 + 2𝑥 = 0✓ 
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     𝑥4 − 4𝑥2 − 2𝑥 − 1 = 0✓ 

     𝑥 ≈ −1,79✓     (8) 

7.4  

𝑥 𝑥 < −1,79 𝑥 = −1,79 𝑥 > −1,79 

𝑓′(𝑥) +✓ 0✓ -✓ 

 

     Local maximum turning point.✓     (4)                           [21] 

      

QUESTION 8 

8.1 (a) 𝑦 =
3𝑥+5

𝑥3+5𝑥2+7𝑥+3
 

           𝑦 = 𝑥3 + 5𝑥2 + 7𝑥 + 3 = (𝑥 + 1)(𝑥2 + 4𝑥 + 3)✓  

                                               = (𝑥 + 1)(𝑥 + 1)(𝑥 + 3)✓ 

          
3𝑥+5

(𝑥+1)2(𝑥+3)
=

𝐴

𝑥+1
+

𝐵

(𝑥+1)2 +
𝐶

𝑥+3
✓✓ 

          𝐵 =
3(−1)+5

−1+3
= 1✓✓ 

         𝐶 =
3(−3)+5

(−3+1)2 = −1✓✓ 

          
3𝑥+5

(𝑥+1)2(𝑥+3)
=

𝐴

𝑥+1
+

1

(𝑥+1)2 −
1

𝑥+3
✓ 

          3𝑥 + 5 = 𝐴(𝑥 + 1)(𝑥 + 3) + (𝑥 + 3) − (𝑥 + 1)2
✓ 

        3𝑥 + 5 = 𝐴𝑥2 + 4𝐴𝑥 + 3𝐴 + 𝑥 + 3 − 𝑥2 − 2𝑥 − 1 

        𝐴 − 1 = 0 ∴ 𝐴 = 1✓✓ 

       
3𝑥+5

(𝑥+1)2(𝑥+3)
=

1

𝑥+1
+

1

(𝑥+1)2
−

1

𝑥+3
✓    (13) 

    (b) ∫ (
1

𝑥+1
+

1

(𝑥+1)2
−

1

𝑥+3
) 𝑑𝑥✓ 

         = ∫ (
1

𝑥+1
+ (𝑥 + 1)−2 −

1

𝑥+3
) 𝑑𝑥✓ 

         = ln|𝑥 + 1|✓− (𝑥 + 1)−1
✓ − ln|𝑥 + 3|✓ + 𝑐✓     (6) 
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8.2 (a) 2 54x(x 2) dx+  

           = 2✓∫ 2𝑥✓ (𝑥2 + 2)5𝑑𝑥 

          = 2 ×
1

6
(𝑥2 + 2)6 + 𝑐✓✓ 

          =
1

3
(𝑥2 + 2)6 + 𝑐✓✓    (6) 

      (b) 
2

1
dx

1 cot x+  

             = ∫
1

𝑐𝑜𝑠𝑒𝑐2𝑥
𝑑𝑥✓✓ 

            = ∫ 𝑠𝑖𝑛2𝑥 𝑑𝑥✓✓ 

           = ∫ (
1

2
−

1

2
cos 2𝑥)✓✓𝑑𝑥 

           =
𝑥

2
−

1

4
sin 2𝑥 + 𝑐✓✓       (8)                                       [33] 

QUESTION 9 

9.1 ∫ 𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 

      Let 𝑓(𝑥) = 𝑥 ✓                           𝑔′(𝑥) = 𝑠𝑒𝑐2𝑥✓ 

           𝑓′(𝑥) = 1 ✓                           𝑔(𝑥) = tan 𝑥✓ 

     ∫ 𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥 = 𝑥 tan 𝑥✓ − ∫ tan 𝑥 𝑑𝑥✓ 

                         = 𝑥 tan 𝑥 − ∫
sin 𝑥

cos 𝑥
𝑑𝑥✓ 

                        = 𝑥 tan 𝑥 + ✓∫
− sin 𝑥✓

cos 𝑥
𝑑𝑥 

                        = 𝑥 tan 𝑥 + ln|cos 𝑥| + 𝑐✓   (10) 

9.2  𝑉 = 𝜋 ∫ (5√𝑥 sec 𝑥)
2

𝑑𝑥✓✓
𝑘

0
 

      73,97✓ = 25𝜋 ∫ 𝑥 𝑠𝑒𝑐2𝑥 𝑑𝑥
𝑘

0
 

     73,97 = 25𝜋[𝑥 tan 𝑥 + ln|cos 𝑥|]𝑘
0
✓✓ 

     73,97 = 25𝜋[(𝑘 tan 𝑘 + ln|cos 𝑘|✓) − 0 − ln cos 0✓] 

     𝑘 = 1✓✓      (9)                                [19] 
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