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NAME:          

 
                  PRELIMINARY EXAMINATION 2021 

     
   GRADE 12 - ADVANCED PROGRAMME MATHEMATICS 
 
   PAPER 1- ALEGBRA AND CALCULUS 
 
 
Time:  2 hours                                     Total: 200         
 
 
Examiner: P R Mhuka    Moderators:  S McConkey 
         N Eleftheriades                                                                                 
 

PLEASE READ THE FOLLOWING INSTRUCTIONS CAREFULLY 
 
1. This question paper consists of 24 pages. Please check that your paper 

is complete. 
 

2. Read the questions carefully. 
 

3. Answer all the questions. 
 

4. You may use an approved non-programmable and non-graphical 
calculator, unless otherwise stated. 
 

5. Answers must be rounded off to two decimal places   
 

6. All the necessary working details must be clearly shown. 
 

7. It is in your own interest to write legibly and to present your work neatly. 
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QUESTION 1: 
 
Electricity on a spacecraft can be produced by a type of nuclear generator. The 
electrical power produced by this generator can be modelled by 
 
  𝑃𝑡 = 120𝑒−0.0079𝑡  
 
where 𝑃𝑡 is the electrical power produced by a type of nuclear generator and 
𝑡 the number of hours per minute. 
  

a) Determine the electrical power initially produced by the generator.         (1) 
 
 
 
 
 
 
 

   
b) Calculate how long it takes for the electrical power produced by the 

generator to reduce by 15%.            (4) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

      [5] 
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QUESTION 2: 
 
The diagram shows a right-angled triangle ∆𝐴𝐵𝐶 with 𝐴𝐵 = 8 𝑐𝑚 and angle 

𝐴𝐵𝐶 =
𝜋

2
 radians. The points 𝐷 and 𝐸 lie on 𝐴𝐶 and 𝐵𝐶 respectively. 𝐵𝐴𝐷 and 

𝐸𝐶𝐷 are sectors of the circles with centres 𝐴 and 𝐶 respectively.  

𝐵𝐴̂𝐷 =
2𝜋

9
 radians.         

   
 

a) Calculate the area of the shaded region.           (7) 
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b) The perimeter of the shaded region.           (4) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    [11] 
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QUESTION 3: 
 
Prove by induction that:   

 ∑ 𝑟! 𝑟𝑛
𝑟=1 = (𝑛 + 1)! − 1 for all positive integers 𝑛.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

              [12] 
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QUESTION 4: 
 

a) The complex number 𝑢 is defined by  𝑢 =
7+𝑖

1−𝑖
.  

 
1) Express 𝑢 in Cartesian form.                 (2) 

 
 
 
 
 
 
 
 
 
 

 
2) Calculate |𝑢| and 𝑎𝑟𝑔(𝑢)              (4) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
3) Express 𝑢 in the Polar form.            (3)  
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b) Create a polynomial 𝑓(𝑥) with real number coefficients which has all of the 
desired characteristics.  
 

• The leading term of 𝑓(𝑥) is −2𝑥3 

• 𝑥 = 2𝑖 is a zero 

• 𝑓(0) = −16             (6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c) Solve for 𝑥:  
 
1) (𝑙𝑛 𝑥)2 =  𝑙𝑛 𝑒3 +  𝑙𝑛 𝑥2                   (6) 
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2) 
2−𝑥

|3𝑥+1|
≤ 2               (7) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

d) Show that (
𝑛 + 2

3
) − (

𝑛
3

) = 𝑛2, for all integers where 𝑛 ≥ 3.                    (8) 
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    [36]    
QUESTION 5: 

a) Consider the function: 𝑓(𝑥) =  {
𝑥2 + 2,    𝑥 ≤ 2

3𝑎𝑥 − 4,     𝑥 > 2
 

 
1) Determine the value of 𝑎 if the function is continuous at 𝑥 = 2.       (4) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   
2) Using your value of 𝑎 from (1) determine whether the function is 

differentiable at 𝑥 = 2.             (5) 
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b) A function has equation 𝑓(𝑥) = 𝑒|2𝑥−1| − 2. 
 
1) Sketch 𝑓(𝑥), labelling the cusp point and all the points where the graph 

crosses the axes.                             (6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
2) Sketch 𝑓(|𝑥|)              (4) 
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3) Calculate the equation of 𝑓−′(𝑥) for 𝑥 <
1

2
                (4)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                 [23] 
 

QUESTION 6: 
 

a) Find the equation of the normal to the curve 𝑦 =
2𝑥−1

√𝑥2+5
 at the point where 

𝑥 = 2. Give your answer in the form 𝑎𝑥 + 𝑏𝑦 = 𝑐, where 𝑎, 𝑏 and 𝑐 are 
integers.               (8) 
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b) The parametric equations of a curve are: 

 
𝑥 = 6𝑠𝑖𝑛2𝑡    and   𝑦 = 2𝑠𝑖𝑛2𝑡 + 3𝑐𝑜𝑠2𝑡, for 0 ≤ 𝑡 < 𝜋.  

 

Show that 
𝑑𝑦

𝑑𝑥
=

2

3
𝑐𝑜𝑡2𝑡 − 1.             (8) 
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c) The diagram shows the curve with equation 𝑦 = 5𝑙𝑛𝑥. (2𝑥 + 1)−1. The 
curve crosses the 𝑥-axis at the point 𝑃 and has a maximum point 𝑀. 

 
1) Find the gradient of the curve at the point 𝑃.         (5) 

 
 
 
 
 
 
 
 
 
 
 
 

 

2) Given 𝑓"(𝑥) =
40.𝑙𝑛𝑥

(2𝑥+1)3
−

20

𝑥(2𝑥+1)2
−

5

𝑥2(2𝑥+1)
. 

 
Use the Newton Raphson method to find the 𝑥-coordinate of 𝑀 
correct to 6 decimal places.                 (7) 
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d) Calculate 
𝑑𝑦

𝑑𝑥
 if 2𝑒2𝑥𝑦 − 𝑦3. 𝑙𝑛𝑥 + 6 = 0           (7) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    [35] 
 
 
QUESTION 7: 
 

Given the graph of  𝑡(𝑥) =
8𝑥2−3𝑥+1

𝑥−2
  

 
a) Determine the intercepts with both axes.           (2) 

 
 
 
 
 
 
 

 
b) Find equations of any asymptotes                  (5) 

 
 



15 of 24 
 

 
 
 

 
 
 
 
 
 
 
 
 
 

c) Find the coordinates of the stationary points and state the nature of the 
stationary points.                                       (8) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    [15] 
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QUESTION 8: 
 

a) Evaluate the following integrals without the use of a calculator: 
 

1) ∫ 𝑙𝑛(2𝑒𝑠𝑖𝑛𝑥) 𝑑𝑥                                                                                     (4) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

2) ∫ (
8

4𝑥+1
+

8

𝑐𝑜𝑠2(4𝑥+1)
) 𝑑𝑥             (6) 
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3) ∫
𝑥+4

2𝑥2−5𝑥−12
. 𝑑𝑥                                                                                (10) 
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b) Use the substitution 𝑥 = 𝑡𝑎𝑛𝜃 to determine the exact value of: 

  ∫
𝑑𝑥

(1+𝑥2)
3
2

1

0
                                                                               (9) 
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c) Use integration by parts to find the ∫(𝑥2 − 2𝑥 + 1)𝑒2𝑥 𝑑𝑥    (10) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                [39] 
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QUESTION 9: 
 

a) Calculate the following Reimann Sum by turning it into an integral 

lim
𝑛→∞

1

𝑛
∑ (8 (1 +

𝑖

𝑛
)

3

+ 3 (1 +
𝑖

𝑛
)

2
)𝑛

𝑖=1             (6) 
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b) A semi-circle with centre (1; 0) and radius 2, lies on the 𝑥-axis as shown. 
 

 
Find the volume of the solid of revolution formed when the shaded region 
is rotated completely about the 𝑥-axis.           (8)  
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c) The diagram shows a rectangle 𝑄𝑅𝑆𝑇 inscribed in a circle, centre at 𝑂, 

with fixed radius 𝑟 𝑐𝑚. The four corners of the rectangle lie on the 
circumference of the circle. 𝑄𝑅 = 𝑦 𝑐𝑚. 

 

              
1) Show that the perimeter, 𝑃 𝑐𝑚, of the rectangle is given by:  

𝑃 = 2𝑦 + 2√4𝑟2 − 𝑦2 .                                                                      (4) 
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2) Find the exact maximum value of 𝑃, in terms of 𝑟, as 𝑦 varies.  (7) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                                                                 [25] 
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